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Abstract 

We show that if X is any proper complex variety, there is a weight decomposi- 
tion on the real schematic homotopy type, in the form of an algebraic Gm-action. 
This extends to a real Hodge structure, in the form of a discrete C*-action, such 
that <C* X X ^ jsj^sch j.g^j analytic. If the fundamental group is algebraically 
good, and the higher homotopy groups have finite rank, this gives bigraded decom- 
positions on the complexified homotopy groups. For smooth proper varieties, the 
Hodge structure can be recovered from the cohomology ring with coefhcients in the 
universal semisimple local system. 
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Introduction 

In [Siml], Simpson established the existence of a pure Hodge structure on the real 
reductive pro-algebraic fundamental group wi{X,xy'^'^ of a compact Kahler manifold 



X. This took the form of a discrete action of the circle group U{1) on wi{X,xY^'^, in 
such a way that the resulting map 

Uil) X 7ri(X,x) ^ wi{X,xy'"^{R) 

was continuous. In fact, the results of [Sim2] imply that this map is real holomorphic 
(i.e. corresponds to a Gal(C/M)-equivariant holomorphic map on the C- valued points 
of these schemes). 

The purpose of this paper is to establish the existence of a real Hodge structure on 
the pro-algebraic homotopy types as defined in [Pril] (or equivalently, on the schematic 
homotopy types of [Toe]) of complex varieties. The definition and main properties of 
pro-algebraic homotopy types are summarised in Section 1. 

In [Dell] Definition 2.1.4, Deligne defined a real Hodge structure on a real vector 
space to be an algebraic action of the real algebraic group C* . A pure Hodge structure of 
weight is then a C*-action for which M* < C* acts trivially, giving an action of C*/M* = 
U{1). Accordingly, we look to extend Simpson's i7(l)-action on wi(X, xy'^'^{M.) to a C*- 
action on the whole real pro-algebraic homotopy type G{Xy^^ (the algebraisation of the 
path groupoid of X). Our notion of real real Hodge structure will be a real holomorphic 
map (or, rather, a homotopy class of maps) 

C* X G{X) G{Xy^^{R), 

such that the induced map 

C* ^ llom{G{X),G{Xy^^{R)) ^ End{G{Xy^s) 

is multiplicative. We also require that the reductive pro-algebraic fundamental groupoid 
'njf{Xy^'^ is of weight zero under this action, and that the induced map 

M* X GiX f^ G{Xy^^ 
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is algebraic (i.e. a morphism of schemes). In Section 2, this definition is made precise, 
and several properties of non-abelian Hodge structures are given. In particular, if the 
group iri{X,x) is algebraically good, and the higher homotopy groups have finite rank, 
this gives algebraic C*-actions on the real vector spaces 7r„(X, x) (8>z ^ (and hence 
bigraded decompositions on the 7r„(X, x) 0z C). 

In Section 3, we establish the existence of a real Hodge structure on the homotopy 
type of a compact Kahler manifold. This is done by combining the [7(l)-action of 
[Siml] with Hodge theory for semisimple local systems. Formality of the pro-algebraic 
homotopy type (from the dtf -lemma) means that it is determined by the cohomology 
ring of the universal semisimple local system. Characterisation of cohomology groups 
by harmonic forms then enables to construct a C*-action on cohomology, by studying 
behaviour of the Laplacian under Simpson's J7(l)-action. However, we have not been 
able to compare this Hodge structure fully with the Hodge structures of [KPT2] and 
[Mor]. 

Section 4 is concerned with extending the non-abelian real Hodge structures from 
smooth proper varieties to singular proper varieties, in the spirit of Hodge III ([Del2]). 
The key idea is that we may replace any proper variety by a smooth proper simplicial 
variety. The machinery of [Pril] is well-suited to dealing with simplicial spaces and 
cohomological descent, so functoriality of the non-abelian Hodge structure on smooth 
proper varieties allows it to extend naturally to all proper varieties. 

1 Review of pro-algebraic homotopy types 

Here we give a summary of the results from [Pril] which will be needed in this paper. 
Fix a field k of characteristic zero. 

1.1 Pro-algebraic groupoids 

We first recall some definitions from [Pril] §§2.1-2.3. 

Definition 1.1. Define a pro-algebraic groupoid G over k to consist of the following 

data: 

1. A discrete set Ob(G). 

2. For all x,y E Ob(G), an affine scheme G{x,y) (possibly empty) over k. 

3. A groupoid structure on G, consisting of an associative multiplication morphism 
m : G{x,y) x G{y,z) — )■ G{x,z), identities Spec A; G{x,x) and inverses 
G{x,y) G{y,x) 

Note that a pro-algebraic group is just a pro-algebraic groupoid on one object. We 

say that a pro-algebraic groupoid is reductive (resp. pro-unipotcnt) if the pro-algebraic 
groups G{x,x) are so for all x G Ob(G). An algebraic groupoid is a pro-algebraic 
groupoid for which the G{x, y) are all of finite type. 

If G is a pro-algebraic groupoid, let 0{G{x,y)) denote the global sections of the 
structure sheaf of G{x,y). 
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Definition 1.2. Given morphisms f,g : G ^ H of pro-algebraic groupoids, define a 
natural isomorphism 77 between / and g to consist of morphisms 



7]^ : Specks H{f{x),g{x)) 
for all X G Ob (G), such that the following diagram commutes, for all x,y & Ob (G): 

G{x,y) ^ H{f{x)J{y)) 



■Vy 



H{g{x),giy)) Hifix),giy)). 

A morphism f : G H oi pro-algebraic groupoids is said to be an equivalence if 
there exists a morphism g : H ^ G such that fg and gf are both naturally isomorphic 
to identity morphisms. This is the same as saying that for all y G Ob (H), there exists 
X G Ob(G) such that H{f{x),y){k) is non-empty (essential surjectivity), and that for 
all xi,X2 G Ob(G), G{x,y) — >■ G{f{xi),f{x2)) is an isomorphism. 

Definition 1.3. Given a pro-algebraic groupoid G, define a finitc-dimcnsional linear 
G-representation to be a functor p : G FDVect^ respecting the algebraic structure. 
Explicitly, this consists of a set {Vx}xeOh{G} of finite-dimensional fe-vector spaces, to- 
gether with morphisms p^y : G{x,y) Ilom.{Vy,Vx) of affine schemes, respecting the 
multiplication and identities. 

A morphism / : (V, p) {W, g) of G-representations consists of fx G Hom(14;, Wx) 
such that 

fx ^ Qxy — Pxy 

o fy : G{x, y) Hom(I4, Wy). 

Definition 1.4. Given a pro-algebraic groupoid G, define the reductive quotient C^'^ 
of G by setting Ob {G""^) = Oh (G), and 

G-'i(a;,2/) = G(x, y)/R,(G(y, y)) = R,{G{x,x))\G{x,y), 

where Ru(G(a;,a;)) is the pro-unipotent radical of the pro-algebraic group G{x,x). The 
equality arises since if / G G{x,y), g G Ru(G(y, y)), then fgf~^ G Ru(G(a;, a;)), so 
both equivalence relations are the same. Multiplication and inversion descend similarly. 
Observe that G^^"^ is then a reductive pro-algebraic groupoid. Representations of G^^'^ 
correspond to semisimple representations of G. 

Definition 1.5. Let AGpd denote the category of pro-algebraic groupoids over k, and 
observe that this category is contains all (inverse) limits. There is functor from AGpd 
to Gpd, the category of abstract groupoids, given by G >-)• G{k). This functor preserves 
all limits, so has a left adjoint, the algebraisation functor, denoted T i->- F^'^. This can 
be given explicitly by Ob (r)^ig = Ob (F), and 

F^'s(x,y) = r{x,x f^ x^^^'^) r{x,y), 

where T{x,x)^^^ is the pro-algebraic completion of the group F(x,x). 

The finite-dimensional linear representations of F (as in Definition 1.3) correspond 
to those of F^'s, and these can be used to recover F^^^^ by Tannakian duality. 
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Definition 1.6. Given a pro-algebraic groupoid G, and U = {Ux}x&Oh{G) ^ collection 
of pro-algebraic groups parametrised by Ob(G), we say tiiat G acts on U if there are 
morpiiisms X G{x,y) ^ Uy of affine sciiemes, satisfying tiie following conditions: 

1. {uv) * g = [u* g){y * g), 1* g = 1 and {u~^) * g = {u* g)~^, for g G G{x,y) and 
u,v e Ux- 

2. u* [gh) = {u* g) * h and u * 1 = u, for g e G{x, y), h € G{y, z) and u G Ux- 
If G acts on U , we write G x J7 for the groupoid given by 

1. Ob(G K U) := Ob(G). 

2. (GKC/)(x,y) :=G(x,y) X ;7j,. 

3. {g, u){h, v) := {gh, {u * for g € G{x, y),h € G{y, z) and u G Uy, v G f/^. 

Definition 1.7. Given a pro-algebraic groupoid G, define Ru(G) to be the collection 
^u{G)x = Ru(G(a;,a;)) of pro-unipotent pro-algebraic groups, for x G Ob(G). G then 
acts on Ru(G) by conjugation, i.e. 

u*g --g^^ug, 

for u G Ru{G)x, g G G{x,y). 

Proposition 1.8. For any pro-algebraic groupoid G, there is a Levi decomposition 
G = G'^'^^ X Ru(G), unique up to conjugation by Ru(G). 

Proof. [Pril] Proposition 2.17. □ 

1.2 The pro-algebraic homotopy type of a topological space 
We now recall the results from [Pril] §2.4. 

Definition 1.9. Let S be the category of simplicial sets, and sGpd the category of 
simplicial groupoids on a constant set of objects (as in [GJ]). Let Top denote the 
category of compactly generated Hausdorff topological spaces. 

A map / : X — > y in Top is said to be a weak equivalence if it gives an isomorphism 
ttqX — > ttqY on path components, and for all x <E X. the maps TTnif) '■ 7rn(X, x) — >■ 
7r„(y, fx) are all isomorphisms. A map / : X — > K in S is said to be a weak equivalence 
if the map |/| : |X| — )• \Y\ is so. A map f : G ^ H in sGpd is a weak equivalence if the 
map on components ttoGq — )• vro-f^o is an isomorphism, and for all objects x G ObG, the 
maps 7r„(G(a;, a;)) 'Kn{H{x,x)) are all isomorphisms. 

For each of these categories, we define the corresponding homotopy categories 
Ho(§), Ho(sGpd), Ho(Top) by localising at weak equivalences. 

Note that there is a functor from Top to S which sends X to the simplicial set 

Sing(X)„ = HomTop(|A"|,X). 
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this gives an equivalence of the corresponding homotopy categories, whose quasi-inverse 
is geometric reaUsation. Prom now on, we will thus restrict our attention to simplicial 
sets. 

As in [GJ] Ch.V.7, there is a classifying space functor W : sGpd S, with 
left adjoint G : S ^ sGpd, Dwyer and Kan's path groupoid functor ([DK]), and 
these give equivalences Ho(S) ~ Ho(sGpd). The geometric realisation of is 
weakly equivalent to the path space of These functors have the additional prop- 
erties that OhG{X) = Xq, {WG)o = Ob(G), TroG{X) ^ 7ro\X\, Tro{\WG\) ^ ttoGq, 
7r„(G(X)(x,x)) = 7r„+i(|X|,x) and 7r„+i(|l^G|, x) = 7rn(G(x,x)). This allows us to 
study simplicial groupoids instead of topological spaces. 

Definition 1.10. Given a simplicial object G, in the category of pro-algebraic 
groupoids, with Ob(G,) constant, define the fundamental groupoid 7r/(G,) of G, to 
have objects Ob (G), and for x,y e Ob (G), set 

7rf(G){x,y) := Go{x,y)/ ~, 

where ~ is the equivalence relation generated by doh ^ dih for h G G{x, y). This is also 
pro- algebraic. 

Definition 1.11. Define a pro-algebraic simplicial groupoid to consist of a simplicial 
complex G, of pro-algebraic groupoids, such that Ob(G,) is constant and for all x G 
Ob(G), G(x, x), G sAGp, i.e. the maps Gn{x,x) 7ro(G)(x, x) are pro-unipotent 
extensions of pro-algebraic groups. We denote the category of pro-algebraic simplicial 
groupoids by sAGpd. 

Define a morphism f : G, ^ H, in sAGpd to be a weak equivalence if the map 
7r/(/) : 7r/(G,) — > Trf{H,) is an equivalence of pro-algebraic groupoids, and the maps 
7rn{f,x) : 7r„(G,(x,x)) TTn{H,{fx, fx)) are isomorphisms for all n and for all x G 
Ob(G). We define Ho(sAGpd) to be the localisation of sAGpd at weak equivalences. 

There is a forgetful functor (A;) : sAGpd sGpd, given by sending G, to G,{k). 
This functor has a left adjoint G, (G,)^^^. We can describe (G,)'^^^ explicitly. First 
let (7r/(G))^^s be the pro-algebraic completion of the abstract groupoid 7rj(G), then let 
(G^'^)„ be the relative Malcev completion (defined in [Hai] for pro-algebraic groups) of 
the morphism 

Gn ^ (vr/(G))^^s. 

£ 

In other words, G„ — )■ {G^^^)n — >■ (7r/(G))^s is the universal diagram with / a pro- 
unipotent extension. 

Proposition 1.12. The functors {k) and give rise to a pair of adjoint functors 



Ho(sGpd) T^ HofsAGpd) , 

(fe) 

with L^SG(X) = G(X)^ig, for any X G S. 

Proof [Pril] Proposition 2.26. □ 
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Definition 1.13. Given a simplicial set (or equivalently a topological space), define the 
pro-algebraic homotopy type of X over k to be the object 

in Ho(sAGpd). Define the pro-algebraic fundamental groupoid by Wj{X^ : = 
7rf{G{X)^^^). Note that 7rf{G^^^) is the pro-algebraic completion of the fundamental 
groupoid 7r/(G). 

We then define the higher homotopy groups Wn{X) (as ro/X-representations) by 

Wn{X) :=7r„_i(G(X)^'g), 
where 7r„(G) is the representation x i-> 7r„(G(x, x)), for x G Ob (G). 

1.3 Relative Malcev homotopy types 

Definition 1.14. Assume we have an abstract groupoid G, a reductive pro-algebraic 
groupoid R, and a representation p : G ^ R{k) which is an isomorphism on objects 
and Zariski-dcnsc on morphisms (i.e. p: G{x,y) — > R(k){px, py) is Zariski-dense for all 
x,y e ObG). Define the Malcev completion {G,p)^^^ (or G^'^^^) of G relative to p to 
be the universal diagram 

G ^ {G,p)^''^ ^ R, 

with p a pro-unipotent extension, and the composition equal to p. Explicitly, 
Ob (G,p)^^^' = ObG and 

iG,p)^'-\x,y) = (G(x,x),p)^-' x«(-'-) G{x,y). 

If G and R are groups, observe that this agrees with the usual definition. 

If ^ : G — >■ R{k) is any any Zariski-dense representation (i.e. essentially surjective 
on objects and Zariski-dense on morphisms) to a reductive pro-algebraic groupoid (in 
most examples, we take i? to be a group), we can define another reductive groupoid 
R by setting Obi? = ObG, and R{x,y) = R{QX,gy). This gives a representation 
p : TTfX A R satisfying the above hypotheses, and we define the Malcev completion of 
G relative to g to be the Malcev completion of G relative to p. Note that i? — > i? is an 
equivalence of pro-algebraic groupoids. 

Definition 1.15. Given a Zariski-dense morphism p : iTfX R{k), let the Mal- 
cev completion G{X,p)^^^ of X relative to p be the pro-algebraic simplicial group 

{G{X), p)^'^^. Observe that the Malcev completion of X relative to {■KfXy'^'^ is just 
G(X)^is. Let Wf{X,p)^^^^ = TTfG{X,p)^^^ and vDn{X,p)^''^ = 7r„_iG(X, p)^^=^'. Note 
that TTf{(X,p)^'^^^) is the relative Malcev completion of Hfp : iTfX R{k). 

Definition 1.16. Define a groupoid F to be good with respect to a Zariski-dense rep- 
resentation /9 : r — >■ R(k) to a reductive pro-algebraic groupoid if the map 

H"(r^'^=^\T/) ^H"(r,T/) 

is an isomorphism for all n and all finite-dimensional r'''^^'-representations T. 
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Lemma 1.17. Assume that for all x GG ObF, T{x,x) is finitely presented, with 
H"(r,— ) commuting with filtered direct limits of V'^^^ -representations, and H"(r, y) 
finite- dimensional for all finite- dimensional F^'^'^^ -representations V. 

Then F is good with respect to p if and only if for any finite- dimensional F'''^'^'- 
representation V, and a G H"(F,y), there exists an injection / : F — > Wa of finite- 
dimensional FP'^^^ -representations, with f{a) = G H"'(F, Wq). 

Proof As for [KPTl] Lemma 4.15. □ 

Theorem 1.18. If X is a topological space with fundamental groupoid F, equipped with 
a Zariski-dense representation p : F R{k) to a reductive pro-algebraic groupoid for 
which: 

1. F is good with respect to p, 

2. TTn{X, —) is of finite rank for all n > 1, 

3. and the F -representation 7r„(X, — ) (g)^ k is an extension of R-representations (i.e. 
a Ff'^^^ -representation), 

then the canonical map 

MX, -)®zk^ Wn{XP^^^\ -) 

is an isomorphism for all n > 1. 

Proof [Pril] Theorem 3.21. □ 



1.4 Equivalent formulations 

Fix a reductive pro-algebraic groupoid R. 

1.4.1 Simplicial Lie algebras 

Definition 1.19. Given a /c-algebra A, let Ma be opposite to the category of ind- 
conilpotent Lie coalgebras, and let AOi(-R) be the category of ill-representations in 
A/a. Write sJ\fA{R) for the category of simplicial objects in Na{R)- A weak equiva- 
lence in sJ\fA{R) is a map which gives isomorphisms on cohomology groups of the duals 
(which are just ^-modules). We denote by Ho(.sA/'A(i?)) the localisation of sJ\fA{R) at 
weak equivalences. For k = A, we will usually drop the subscript, so J\f{R) := J\fk{R), 
and so on. 

Definition 1.20. Define S{R) to be the full subcategory of AGpd|i? consisting of those 
morphisms p : G ^ R oi proalgebraic groupoids which are pro-unipotent extensions. 
Similarly, define sS{R) to consist of the pro-unipotent extensions in sAGpd^-R, and 
}io{sS{R)) to be the localisation of sS{R) at weak equivalences. 

Definition 1.21. Given a pro-algebraic groupoid R, define the category sA4a{R) to 
have the same objects as sNa{R), with morphisms given by 

Hom^_V(^(R)(0, f)) = Homjj^(^_^^(^))(0,f))/exp(f}^), 

where i)Q is the sub-Lie algebra of l)o(^) fixed by R, acting by conjugation on the set 
of homomorphisms. 
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Proposition 1.22. For any reductive pro-algebraic groupoid R, the categories 
Ho(sf (i?)) and sM{R) are equivalent, sending Q G sJ\{R) to R K exp(g). 



Proof. [Pril] Proposition 1.22. 



□ 



Definition 1.23. We can now define the Malcev homotopy type of X relative to p 
to be the image of in }io{s£{R)), or equivalently RuG{X, p)^^""^ in sM{R). 

Since i? — )■ is an equivalence of groupoids, there is an equivalence sAf{R) — )■ sJ\f{R), 
so may regard the Malcev homotopy type as an object of sM.{R) (or of }lo{s£{R))). It 
pro-represents the functor 

9 ^ HomHo(§iBR(fe))(^,W^(-R(A:) k exp(fl))), 

for Q e sM{R). 

1.4.2 Chain Lie algebras 

Definition 1.24. Let dgJ^A be opposite to the category of non-negatively graded ind- 
conilpotent cochain Lie coalgebras over A. Define dgJ\fA{R) to be the category of R- 
representations in dgAf^- A weak equivalence in dgM^iR) is a map which induces 
isomorphisms on cohomology groups of the duals. We denote by Ho{dgJ\fA{R)) the 
localisation of dgJ\fA{R) at weak equivalences. For k = A, we will usually drop the 
subscript, so dgN{R) := dgJ\fi;{R), and so on. 

Definition 1.25. We say that a morphism / : g -> f) in dgJ\f(R) is free if there exists a 
(pro-finite-dimensional) sub-i?-representation F C f) such that [) is the free pro-nilpotent 
graded Lie algebra over g on generators V. 

Proposition 1.26 (Minimal models). For every object q ofdgJ\f{R), there exists a free 
chain Lie algebra tn with d = on the abelianisation m/[m, m], unique up to non-unique 
isomorphism, together with a weak equivalence m — >■ g. 

Proof. [Pril] Proposition 4.7. □ 

Definition 1.27. Let dgM.A{R) be the category with the same objects as dgJ\fA{R), 
and morphisms given by 



H^(iV0)=vr,(0), 

giving equivalences Ho(s7V'a(-R)) — ilo{dgJ\fA{R)) , and sMa{R) — dgM.A{R)- 




Proof. [Pril] Propositions 4.12 and 5.11. 



□ 
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1.4.3 Cosimplicial algebras 

Definition 1.29. Let cAlg(R) be the category of of i?-representations in cosimphcial 
A;-algebras. A weak equivalence in cAlg(i?) is a map which induces isomorphisms on 
cohomology groups. We denote by Ho(cAlg(i?)) the locahsation of cAlg(i?) at weak 
equivalences. 

Definition 1.30. Let sAff(i?) denote the category of simphcial affine schemes over 
k, i.e. the category opposite to cAlg(i?). Similarly, let Ho(sAff(i?)) be the category 
opposite to Ho(cAlg(i?)). 

Definition 1.31. Given V,W e Rcp{R), define V(S)^W := HomRep(i?) ^ W). 

Definition 1.32. Given A € cAlg{R) and q € sM{R), define the Maurcr-Cartan space 
MC(^, G) to consist of sets {tOn}n>o, with uin G exp(^'^+^(8)'^g„), such that 

i+l 

GiUn — Cr LOn+1, 
a^LOn = 1, 

where exp(A"+-'^(g)'^g„) is the group whose underlying set is the Lie algebra ^"'"'"^(8)g„_i, 
with multiplication given by the Campbell-Baker-Hausdorff formula. 

Definition 1.33. Given A G cAlg(i?) and g G sM{R), define the gauge group 
Gg(^,g) < exp(^'^(8) g„) to consist of those g satisfying 

dign = d'gn-i Vz > 0, 
This has an action on MC(^,g) given by 

{g * Uj)n = ido9n+l) ■ " 

and we define the torsor space by 

7r{A,s) :=MC(A,g)/Gg(A0). 

Definition 1.34. Let cAlg(i?)o be the full subcategory of cAlg(i?) whose objects satisfy 
H°(A) = k. Let Ho(cAlg(i?)o) be the full subcategory of Ho(cAlg(i?)o) with objects 
in cAlg(i?)o. Let sAff(i?)o be the category opposite to cAlg(i?)o, and Ho(sAff (i?)o) 
opposite to Ho(cAlg(i?)o). 

Proposition 1.35. There is a pair of equivalences 

G 

Ro(sAS(R))n ~^ sM(R) , 
w 

given by 

HomHo(sAfr(i?))(SpecA,M^g) = }iomsM{R){G{A),Q) = 7r(A,g). 
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Proof. [Pril] Proposition 3.48. 



□ 



Definition 1.36. Given a topological space X, and a sheaf ^ on X, define 

C"(X,^):= Yl r(A",/-i=^). 

f:A"-^X 

Together, these form a cosimplicial complex C*{X,^). 

Definition 1.37. Recall that 0{R) has the natural structure of an i? x /^-representation. 
Since every i?-representation has an associated semisimple local system on \BR{k)\, we 
will also write 0{R) for the i?-representation in semisimple local systems on \BR{k)\ 
corresponding to the R x i?-representation 0{R). We then define the /^-representation 
0(i?) in semisimple local systems on X by <0>{R) := p'^^0{R). 

Proposition 1.38. Under the equivalences of Propositions 1.22 and 1.35, the relative 
Malcev homotopy type G{X)f'^^^ of a topological space X corresponds to 

C%X,0{R)) e cAlg{R). 



Proof. [Pril] Theorem 3.55 □ 

Corollary 1.39. Pro-algebraic homotopy types are equivalent to the schematic homo- 
topy types of [Toe], in the sense that the full subcategory of the homotopy category 
Ho(sPr) on objects X^^^ is equivalent to the full subcategory of Ho(sAGpd) on ob- 
jects Under this equivalence, pro-algebraic homotopy groups are isomorphic to 
schematic homotopy groups. 

Proof. [Pril] Corollary 3.57. □ 
1.4.4 Cochain algebras 

Definition 1.40. Define DGA\g{R) to be the category of /^-representations in non- 
negatively graded cochain fc-algebras. A weak equivalence in DGAlg{R) is a map which 
induces isomorphisms on cohomology groups. We denote by Ho(Z)GAlg(i?)) the locali- 
sation of DGAlg{R) at weak equivalences. Define dgAS{R) to be the category opposite 
to DGAlg{R), and Ro{dgAS{R)) opposite to Ro{DGA\g{R)). 

Let DGAlg{R)Q be the full subcategory of DGAlg(R) whose objects A satisfy 
HO(^) = k. Let Ho(L>GAlg(i?))o be the full subcategory of Ho(L>GAlg(i?)) on the 
objects of DGA\g{R)o. Let dgAS{R)o and }lo{dgAS{R))Q be the opposite categories to 
DGA\g{R)o and Ho(L>GAlg(i?))o, respectively. 

Proposition 1.41. There is a denormalisation functor D : DGAlg{R) cAlg(i?) such 
that 

B.\DA) ^ (A), 
giving an equivalence Ho(cAlg(i?)) 2± Ho(DGAlg(i?)). 

Proof. [Pril] 4.27. □ 
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Definition 1.42. Given a cochain algebra A G DGAlg{R), and a chain Lie algebra 
G dgJ\f{R), define 

MC(^, g) := {(^ e ^^^+^0 V I ci'^ + = 0}- 



Definition 1.43. Given A G £)GAlg(i2) and g G dgJV{R), we define the gauge group 

by 

Gg(Afl) :=exp(n^"®V)- 

n 

Define a gauge action of Gg{A,g) on MC(^,0) by 

g{uj) --g-uj-g-^ - {dg)-g~^. 
We define the torsor space by 

7r(A0) = MC(A0)/Gg(Afl)- 

Theorem 1.44. We have the following commutative diagram of equivalences of cate- 
gories: 

SpecD 

B.o{dgAS{R))o ^ Ho{sAS{R))o 



w 



w 



G 



dgM{R) 



,sM{R),, 



N 



with the pair 



given by 



G 

Ro(dqAS(R))n ^~^ dqM(R) , 

w 



□ 



HomHo(dgAff(R))(Spec^, VF0) = RomagM{R)i.GiA),Q) = 7r(A,0)- 
Proof. [Pril] Theorem 4.39, Corollary 4.41 and Theorem 4.44. 

Definition 1.45. Given a manifold X, denote the sheaf of real n-forms on X by 
Given a real sheaf ^ on X, write 



Proposition 1.46. The real Malcev hom,otopy type of a manifold X relative to p : 
TT/X ^ R{M) is given in DGA\g{R) by A*{X,iQ){R)). 



Proof. [Pril] Proposition 4.50. 



□ 
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1.5 Weights 

Definition 1.47. Given g € sMr and a /c-algebra A, define 

Outj?(s)(A) := Aut,^^(fl)(s(8)^). 

Given G G define ROut(G) := Outi?(Ru(G)), noting ttiat ROut(G)(A;) ^ 

AutHo(5£:(R))(G). For G G sAGpd, set ROut(G) := OutGred(Ru(G)). 

Definition 1.48. By [Pril] Tlieorem 5.13, if H*(X, V) is finite-dimensional for all finite- 
dimensional irreducible /^-representations V and p : G{X) R, then 

ROut(G(X)^'^^^) 

is represented by a pro-algebraic group over k, and we define a weight decomposition 
on G{X)P'^^^ to be a morphism 

^ ROut(G(X)'''^^) 

of pro-algebraic groups. 

Definition 1.49. Given a reductive pro-algebraic groupoid R, we say that A G 
DGA\g{R) is formal if it is weakly equivalent to its cohomology algebra H*(^). We 

say that the Malcev homotopy type {X, p)^^^ of a topological space X relative to a 
Zariski-densc homomorphism p : T^fX R is formal if the corresponding DG algebra 
(given by Theorem 1.44) is formal. 

Proposition 1.50. // G{X, p^^^^ is formal, then it has a canonical weight decomposi- 
tion, for which W{X,Y) is pure of weight i. 

Proof. [Pril] Corollary 5.17. □ 

2 Real Hodge structures 

From now on, we will take k = M.. We now wish to study the Hodge structure on 
cohomology. 

2.1 Review of classical real Hodge structures 

In this section, we recall the standard definitions of real Hodge theory, and fix some 
notation. 

Definition 2.1. Recall from [Dell] Definition 2.1.4 that a real Hodge structure on a 

real vector space V is an action of the real algebraic group S := C*, obtained from Gm 
by Weil restriction of scalars from C to M. Explicitly, for any real algebra A, 

S{A) = {{x,y) e A^\x^ + y'^ is invertible}. 

Therefore 

S{C) ^ C* X C* 

(a, 6) H-)- (a + ib,a — ib). 
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For a vector space V, with complexification Vc this corresponds to a Hodge decom- 
position 

P+Q 

by setting 

for £ (C*)^ ^ S{C). 

Since V^'^ = Vc'^^ is the condition for this Hodge structure to be real, note that 

-77—77— -/\/f- 

A fl V = fX A V, 

so that this does indeed descend to a real iS-action. 

Definition 2.2. For A G C* = S{R), we wih denote the action of A on F by 

Xov:= X'X"v. 

Given a C-linear map F -.V of type (a, 6), observe that 

\oFv = X''X''F{\ov). 

2.2 Non-abelian real Hodge structures 

Definition 2.3. For G G sAGpd, define the group Out(G) of outer automorphisms of 
G to consist of pairs 9 = {0''='^,Ry,{e)), with 9''^'^ : G"^^^ ^ G^'^'^ an automorphism, and 

Ru(6') G HomHo(sAGpd|G"d)(0f^G,G) 

an isomorphism, where 91^'^G is the composition G — > G'^^'^ — — > G^'^'^. 
We define the group structure on Out(G) by 

9ocj, = (^-<i o <^-^ R,{9) o C^Ru(</>)). 

Definition 2.4. Given a real affine scheme X, define the ring 0{X)^°^ of real holomor- 
phic functions on X by 

0(X)h°i := hO(X(C), ^^°;Q)/Gal(C/M), 

where is the sheaf of complex holomorphic functions on X{C). 

Given real affine schemes X, Y, define a real holomorphic map / : X — > 1" to be 
a Gal(C/M)-equivariant holomorphic map / : -^(C) — )■ Y{C). Observe that this is 
equivalent to an element of Y{0{X)^°^). 

Definition 2.5. Given X e E>, H E sAGpdjj, and a A;-algebra A, we define the set 
OHom(X, WH){A) of A- valued outer homomorphisms to be the coequaliser 

Hom,Gpd(^, WPHiA))^^Roms{X, WH{A)) ^OHom(X, WH){A) . 
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Here, PH := x^^^v^dy H^^'^, for a path object for H in sAGpd; equivalently PH 
is a path object for H in sAGpd^^iJ'^^'^. 

Note that if p : TTfX — )■ i? is as in Definition 1.14, then 

Out(G(X)'''^^^') c ORom{X,WG{XY'^^^){R). 

For a real holomorphic space Z, we define the set OILom{X,WH)(Z) of Z- valued 
outer homomorphisms by 

ORom{X,WH){Z) := ORoin{X,WH){0{Z)^''^). 

Lemma 2.6. 

Ollom{X,WH){A) = MC{X,H{A))/Gg{X,R^{H){A)). 

Definition 2.7. Given X G S and a Zariski-dense homomorphism, isomorphic on 

objects, p : TTfX — ?• H(M) to a reductive pro-algebraic groupoid over M, such that 
H*(X, /9*y) is finite-dimensional for all i and all finite-dimensional irreducible H- 
representations V, define a real Hodge structure on p to consist of an 5- valued outer 
homomorphism 

h e OHom(X, WG{Xy'^^^){Si,oi), 

such that 

1. for all s G SCR), the morphism h{sy^'^ : 'ajf{Xy^'^ — >■ H descends to an automor- 
phism of H, and the induced map 

: S{R) OHom(G(X)'''''"',G(X)'''^'^i) 

is a monoid homomorphism, or equivalently 

: S{R)^ ^ Out(G(X)'''^^^) 

is a group homomorphism; 

2. the action of S{R) on {G{X)P'^^^y'^'^ = H is pure of weight 0, i.e. the composition 

Gm{R) ^ S{R) ^ Out(G(X)'''^^i) A Aut(i?) 

is trivial; 

3. the map 

h:G^^ ROut(G(X)^'^^i) = kerp 

is a homomorphism of pro-algebraic groups. In other words, the restriction of h 
to Gjn is a weight decomposition on G{X)f'^^^ in the sense of §1.5. 

Define a real Hodge structure on X to be a real Hodge structure on the canonical 
map p-.TTfG^ Wfixy^^iR), in which case = G{xy^^. 

Remark 2.8. Note that, unlike the definition of pure Hodge structures in [Siml], we do 
not have any hypothesis on Hodge type. This is because this would not be satisfied by 
singular varieties. 
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On passing to homotopy groups, we obtain the following. 

Proposition 2.9. For any point x in a space X with a real Hodge structure, there are 
real holomorphic maps 

S X TTn{X,x) Wn{X,x), 

unique up to conjugation by Ru{wi{X,x)), such that the induced map 

S{R) End{wn{X,x){R))/R^{wi{X,x)) 
is a monoid homomorphism, and such that the composition 

Grn--^ S ^ Out{Wn{X, x)(R)) 

is a homomorphism of pro-algebraic groups. In particular, this gives weight decomposi- 
tion on the pro-algebraic homotopy groups, unique up to conjugation by Ru(roi(-X', x)). 

2.3 Variations of Hodge structure 

The following definition is adapted from [Pri2]: 

Definition 2.10. Given a discrete group T acting on a pro-algebraic groupoid G, for 
which the action on Ob G is trivial, define ^G to be the maximal quotient of G on which 
r acts algebraically. This is the inverse limit l^m ^ G^ over those surjective maps 

G — y G , 

with Ga algebraic, for which the F-action descends to Ga- Equivalently, 0(^G) is the 
sum of those finite-dimensional F-representations of 0(G) which are closed under the 
coproduct. 

Definition 2.11. Given a real Hodge structure on p : tt/X — )■ H(M), define 

VHS^ s^^ 

Remarks 2.12. This notion is analogous to the definition given in [Pri2] of the maximal 
quotient on which Frobenius acts algebraically. In the same way that representations 
of that group corresponded to scmisimple subsystems of local systems underlying Weil 

sheaves, representations of ^^^zuf^Xy^'^ will correspond to local systems underlying 
variations of Hodge structure. Also note that since Gm(M) < S{R) acts trivially on 
Wf{Xy'^'^, the S'(M)-action factors through the circle group U{1) = S/Gm- 

Proposition 2.13. The action of S/Gm on ^'^^if is algebraic, in the sense that 

is a morphism of schemes. 

It is also an inner action, coming from a morphism 

S/Grr.^ill''^^H{x,x))/zr^H) 
xeXo 

of pro-algebraic groupoids, where Z denotes the centre of the groupoid, 

Z(VHS^) = G n ^"^""Hix^x) : z^f = fZyVf G 
xeXo 
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Proof. As in [Siml] Lemma 5.1, the map 

Aut(Ga) Hom(7r/X,Ga) 
is a closed immersion of schemes, so the map 

{S/Gmf ^ Aut(G„) 

is analytic, hence continuous. Since S/Gm is isomorphic to U{1), this means that it 
defines a one-parameter subgroup, so is algebraic. Therefore the map 

is algebraic, as ^^^H = l^m Gg . 

Since zuf{Xy'^'^ is equivalent to a disjoint union of reductive proalgebraic groups, 
Ga is equivalent to a disjoint union of reductive algebraic groups. This implies that the 
connected component Aut{Ga)^ of the identity in Aut(Go!) is given by 

Aut(G«)0= n Ga{x,x)/Z{Ga). 
xeXo 

Since 

xEXq x&Xq 

we have an algebraic map 

x&Xo 

as required. □ 
Proposition 2.14. The following conditions are equivalent: 

1. V is a representation of^^^H; 

2. V is a representation of H such that XoV = V for all A G (iS'/Gfyi)(]R)/ 

3. V is a representation of H such that \ o V = V for some non-torsion A G 
(S/G„)(R). 

Proof. 

=^ 2. If y is a representation of ^^^H, then it is a representation of H, so is a semisimple 
representation of WfX. By Lemma 2.13, A € S/Gra is an inner automorphism of 
^^^H, coming from g G Yl^^^^^^H{x,x), say. Then multiplication by g gives 
the isomorphism XoV = V. 

=^3. Trivial. 
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3. =^ 1. Let M be the monodromy groupoid of V; this is a quotient of H. The isomorphism 
X o V = V gives an element g G Aut(M), such that g is the image of A in 
Hom^TTfX, M), using the standard embedding of Aut(M) as a closed subscheme of 
Hom(7r/X, M). The same is true of 5", A*^, so the image of S/Gm in Hom(7r/X, M) 
is just the closure of {g^}n&z, which is contained in Aut(Af), as Aut(M) is closed. 
For any /j, G S/Gm, this gives us an isomorphism fioV = V, as required. 

□ 

Lemma 2.15. If p : t^jX H(M) has a real Hodge structure, then the obstruction to 
a surjective map a : H ^ G factoring through ^^^H lies in {X , p* ada) . 

Proof. We have a real holomorphic map 

S/Gm XTTfX ^G, 
and a will factor through ^hs^ -f ^^^^ ^^^y. ^j^g induced map 

S/Gm ^ Hom(7r/X,G)/Aut(G) 

is constant. Since G is reductive and S/Gm connected, it suffices to replace Aut(G) by 
the group of inner automorphisms. On tangent spaces, we then have a map 



Di4> 



>H^(X,p*ada); 



let if € il^{X,p*ada) be the image of i. 

If is constant, then </? = 0. Conversely, observe that for t € {S/Gm){R), Dt^t' = 
tDi<pt~^, making use of the discrete action of {S/Gm){R) on Hom(7r/X, G). If if = 0, 
this implies that Dt<p = for all t G (S'/G^)(R), so cf) is constant, as required. □ 

Remark 2.16. For compact Kahler manifolds, we will have (p = [i6 — i6], for 6 the Higgs 
form. 

Definition 2.17. Define VHf^^^^p.Mai ^^le relative Malcev completion of G{X) 
^^^H. If p : TTf Wf{Xy^'^{R) is the canonical map, we write ^^^{X)''^^ for 

Lemma 2.18. Given A G S'(R) such that A is not torsion in S/Gm, lift the image of 
A in Out(G(X)''''^^^) to some a G Aut(m xi H), where (m xi H) is some minimal model 
forG{X)P^^^\ Then 

Proof. Combine Proposition 2.14 with [Pri2] Corollary 1.7 and Lemma 1.8. □ 
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2.4 Classical homotopy groups 

Proposition 2.19. // a topological space X has a real Hodge structure and satisfies 
the conditions of Theorem 1.18 for R = (tt/X)"^^^ (or any quotient to which the U{1)- 

action descends), then the homotopy groups 7r„(X, x) for n > 2 carry natural real Hodge 
structures in the sense of [Dell], i.e. algebraic C* -actions on the real vector spaces 

These are unique up to conjugation by Ru{wi{X,x)) (in other words, by the unipotent 
radical of the Zariski closure of iti{X,x) GL{iTn{X,x) (8)zM)j. 

Proof. The real Hodge structure on X defines a discrete action of C* on Wn{X,x) = 
7r„(X, (8)z IK, for which the action of M* is algebraic, and the map 

C* X 7r„(X, a;) ^ 7rn(X, x) M 

is real holomorphic. Since 7r„(X, x) ®i M is finite-dimensional, the argument of Propo- 
sition 2.13 adapts to show that the action of U{1) < C* must be algebraic. Therefore 
the action of C* = {U{1) x M*)/(-l, -1) is algebraic. □ 

3 Compact Kahler manifolds 

3.1 Formality 

As in [Pril] Theorem 5.5, we know that the real pro-algebraic homotopy type of a 
compact Kahler manifold is formal. We recall the proof here. 

Given a semisimple complex local system W on a compact Kahler manifold X, there 
exists a harmonic metric if on W ([Siml] Theorem 1). In fact, this metric is unique up 
to a scalar on complex irreducible local systems. In [Siml] §1, the connection D and 
metric K are used to define connections D'j^,D'[^ on =!2^^(W). Uniqueness implies that 
the restrictions of D'j^, D'[^ to any irreducible subsystem are independent of the choice 
of harmonic metric on V, so D'j^,D'^ are independent of the choice of harmonic metric 
on W, and we will simply denote them by D', D". 

Now define an operator D'^ := iD' — iD" on the bundle i2^(W). This is a real 
operator; in other words, if V is a real semisimple local system, then D"^ : V (8> C ^ 
J2f^{Y (2> C) descends to an M-linear map D" -.Y ^ -^xi^)- 

Now, the principle of two types ([Siml] Lemmas 2.1 and 2.2) gives quasi- 
isomorphisms 

A-iX,Y) ^ {ZD^{A*{X,Y)),d) ^ (Hl)e(X,V),0) 

for any semisimple local system V. As in Proposition 1.50, this gives a natural weight 
decomposition on G{X)^^, defined by setting W{X,Y) to be of weight i. 

3.2 ^-action 

In this section, we will show how to construct the map 

S{R) Out(G(X)^'s), 
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for X a compact Kahler manifold. 

To every complex semisimple local system V, there corresponds a Higgs bundle {S, 9) 
with a harmonic metric K ([Siml] Theorem 1). Here, is a locally free ^x-module 
on is a linear map such that 6"^ = 0. The conditions for a 

metric to be harmonic are given in [Siml] §1 or [Moc] §2.5. 

We will proceed by studying the harmonic forms of [Siml] §1. On the space of forms 

we have an operator d of type (0, 1) coming from the holomorphic structure of S. The 
Higgs form then defines a linear operator of type (1, 0) on A*{X, S'). 
If we set D" = B + 6, the Laplacian is defined by 

Ae = D"{D"y + {D")*D", 

where [D")* is the formal adjoint of D" with respect to the metric K. The cohomology 
groups W{X,Y) are isomorphic to the space 

■H\^,d) --kerAeKA'iX,^) 

of harmonic forms. 

Definition 3.1. Define an action of the circle group U{1) on the space of semisimple 
complex local systems by defining tV to be the local system corresponding to the Higgs 
bundle {^,td), where {^,9) is the Higgs bundle corresponding to V. 

Since Aq is not of type (0,0), the space W{S',9) will not be preserved by the S- 
action. However, we have the following lemma: 

Lemma 3.2. Given A G C*, and a semisimple complex local system V on X, 

\o'H'{N) = U\jN). 

A 

Proof. First take t G C/(l); we can then decompose A^t = A^'° + A^'~^ + A^^'^ by type, 
so that 

A°'° = BB* + 8*8 + 99* + 9*9 
aI~^ = 9B* + B*9 
A^^'^ = B9* + 9*B. 

As remarked in [Siml] Lemma 4.4, for t G U{1), {S',t9) is another Higgs bundle 
for which K is a harmonic metric (note that for general t E C*, this is not the case, 
although there will exist another harmonic metric). We then have 

.0,0 _ .0,0 
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However, if A G C*, then 

A o Ae(A-^ ov) = A°'° + tA^'"^ + t-^A-^^\ 

for t = ^. 
Therefore 

A 

as required. □ 
Proposition 3.3. There is a family of isomorphisms 

A 

pure of weight i, parametrised by X G S(R) = C*. This respects cup-products, in the 
sense that 

(A o a) U (A o 6) = A o (a U 6) G H*(X, ^(V W)). 

A 

Proof. This is defined by using the isomorphism between harmonic forms and coho- 
mology. Observe that if A is real, then this action is just multiphcation by A% so is 
pure. 

For the last part, given a e WiX,Y), b e W{X,W), let c G W+^{X,Y® W) be 
uniquely determined by the property that [c] = [a A 6] G W'^^{X,W (8) W). Then the 
principle of two types ([Siml] Lemma 2.1) implies that a Ab — c G Im. D'^D'^, where 
D'g = d + e. Since 

A o [D'oD'^x] = XXD\.D'UX o x), 
we have [A o D'^Dgx] = 0, so 

Xo{[a] U [b]) = [Xoc] = [Ao(aA6)] = [Xoa] U [Ao6]. 

□ 

By [Siml] Lemma 2.11, the complex conjugate bundle to {S',9) is isomorphic to 
((f^, 0*), with the isomorphism given by the metric, which means that 



(tV) ^ tY, 

for all t G U{1). 

Proposition 3.4. There is a commutative diagram 

W{X,Y) ^(V)) 



W{X,Y) W{X,^{Y)), 

where the vertical arrows combine complex conjugation with the isomorphisms (tY) 
t(Y). In particular, the action o/S'(M) defines a real Hodge structure. 
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Proof. Note that 

X'X"v = X'X"v, 

for all forms. □ 

Definition 3.5. We now define the S'-action on TTf{Xy^'^ by Tannakian duality, setting 
AoV := ^V, for a real semisimple 7rj(X)'''^'^-representation V, noting that this is well- 
defined by the above discussion. 

This action gives us a canonical isomorphism X o 0{7r f{Xy'^'^) = 0{7t f{Xy^'^), al- 
lowing us to define an S action on R*{X,0{7rf{XY''^)), as the composition 

H*(X,0(7r/(Xrt) ^H*(X,AoO(7r/(Xr'^)) ^H*(X,0(7r/(Xrt). 

We have therefore defined an action S(M.) Out(G(X)'^'s), by universality. We 
already know (from [Pril] §5) that < S acts algebraically. It only remains to show 
holomorphy. 

Remark 3.6. In [KPT2], a discrete C*-action was defined on the complex schematic 
homotopy type C of X, which leads to the question of whether that action 

can be compared to the S(R) = C*-action given here on the real schematic homotopy 
type. On cohomology groups, the answer is that, for A G U{1) < C*, the action defined 
in [KPT2] corresponds to A" in our notation. 

Just by considering 'CUf{Xy'^'^, we can sec that rest of the action is incomparable 
with ours in general. However, on the quotient ^^^G{Xy^^ (8)^ C of G{Xy^^ 'Sir C, our 
S-action extends (by algebraicity) to an action of S{C) = C* x C*. For A G C*, the 
action defined in [KPT2] there corresponds on cohomology groups to (1, A) G C* x C*. 

3.3 Holomorphy of the S'-action 

We now construct the whole Hodge structure, in the form of an element 
of 0}iom{X,WG{Xy^^){Sho\)- Initially, this entails defining an element of 
ilom{X, BwJ"^{X)){{S/Grn)hoi)^ for which we adapt the approach of [Sim2] §7. 

3.3.1 Action on the reductive fundamental groupoid 

Let R := -cuf{Xy'^'^, and let B be the universal i?-torsor on X, coming from the canonical 
element of Hom(7r/X, i?(R)). By Tannakian duality, the adjoint bundle adB is given by 

adB = {a G End(V) : av(giw = ay <8) id © id (g) ctw, "vew = cty © ctw, fay = ctw/}, 
V 

where V ranges over all semisimple local systems on X, and / over all elements of 
Hom(V, W). The Higgs forms thus combine to give 

e + eeadMs ^/i, 

and we also have a connection 

d + B: B(^^) adB s^k- 
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Let 

ker(%/G^)(C) : <x(5/G„)(C) ® ^ ^ ■<x(5/G™)(C) ®<s/G„)(c) '^(W)(C) ® 

® C := «^s/G„ ® C) ^,^0 

the sheaf of those smooth functions on X x {S/Gm){C) which arc holomorphic along 
S/Gm- Write t € 0{S/Gmy'°^ ® C for the canonical isomorphism t : {S/Gm){C) C*, 
given by (a, b) |±|^ in the notation of §2. 
We now define a connection 

Dh : B(^i^5/G^ ® C) ^ adB ® ^i^5/G^ ® C 

on the R{^^^s/Gm <^ C)-torsor 1(^-0 ^^/g^ ® C) by 

Dh = d + d + te + t~^e. 

ker Dfi is then an ^ C)-torsor on X x {S/Gm){G), with the isomorphisms 

Ba; = R{x,x) for each a; G X giving isomorphisms (ker L'/i)^; = (gi C)(x,x) on 

(5/G„)(C). 

If a denotes the complex conjugation map on {S/Gm){C), corresponding to t i-> t~^, 
then there is a canonical isomorphism kev Dfi = a* kev Df^. Using this isomorphism, let 

Bft := {b e Trx*ker Dh :b = b}. 
This is then an i2((S'/G„i)''°')-torsor on X, giving 

Ph e Rom{TrfX,R{0{S/Gmn. 

Remark 3.7. Observe that the C*-action of [Siml] does not extend this to a Gal(C/R)- 
equivariant S/GmiC) = C*-action on zuf'^^'^X, since, for A G C*, A(V) = AV, whereas 

if the action were a 5/Gm(C)-action, it would satisfy (AV) = A~"^V. However, there is 
a holomorphic map <S'(C) — ^ End{w'^X), but this is generally not multiplicative. 

3.3.2 The full action 

Writing G{X)'^^^ = R x U, it only remains to define an element of 

OHom(X, VFG(X)^^s)(5hoi) = MC{X, {R x U){0{S)^°^))/Gg{X,U{0{S)^°^). 

We already have a canonical element u of MC{X,R x U), and the argument above 
defines an element ujj^'^ of 

MC(X,i?(0(S/G„)^°i)). 

The fibre of 

ORom{X,WG{X)^^){Si,oi) ^ Hom(X, W^-R)(Shoi) 

over cj^^^ is 

7r(C*(X,0(B^)) ®o(5/G^)hoi 0(S)^°\C/), 
in the notation of Definition 1.43, where we write 

0(B;,) := (0(i?) ® 0{S/Gmn x'^^^^/'^-^h"!) B;,. 
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Definition 3.8. Define the complex S!/^{0{M) (g) 0(5/G„)''°') of sheaves on X by 

^^(0(B) ® 0{S/Gm)^'>^) := {v G nx*i^]lffs/Gm ® ^ ® 0(B)) : = ^;}, 
with differential given hyD = d + d + e + e. Define the complex ^^^(0(1^)) by 

^Jli<D{Mf,)) := =<(0(B) 0(5/G„)''°'), 

with differential given by Dh := d + d + t9 + t'^O. Note that i2/jJ(0(B) ® 0{S/Gmf'°^) 
is a flabby resolution of 0(B) ® 0{S/Gmf"'\ while i/^(0(B/j)) is a flabby resolution of 
0(B;,). 
Let 

A\{Q{M) ® 0(5/G„)^°^) := T{X,s^^{Q{M) ® 0{S/Gmt°^)) 

Lemma 3.9. yl0^(O(B) ® OiS/Gm)"^"^) (Si C is the space of those functions f : X x 

(S/Gm){C) ^ B (^R C over X for which 

is infinitely differentiable for all s G (S'/G^)(C), and for which all the partial derivatives 

Qn 



are complex analytic, for all x £ X. 



f{x,-):{S/Gmm 



Proof It is immediate that all the functions in A^(0(B) ® 0{S/G„i)^°^) C satisfy 
these properties. For the converse, it suffices to show that a function satisfying these 
properties is infinitely differentiable. This follows because complex analyticity implies 
infinite differentiability, and continuity of partial derivatives implies differentiability. □ 

Lemma 3.10. Given f G ^^(0(B) (g) 0{S/Gm)^°^) C and sq G (S'/G^)(C), there 
exists h G ^^(0(B) (g) 0{S/Gm)^°^) ® C such that 

fix, s) = fix, so) + itis) - tiso))^^^^ix, tis)) + itis) - tiso)nix, s). 



Proof Set 

hix, s) 



( fix,s)-fix,so)-{t{s)-t(so)) {x,s) 

^ {t(s)_-t{so)y^ « 7^ «0 

5^^^^(2^'*(*o)) s = so 



It follows from the preceding lemma that this has the required properties. □ 

Proposition 3.11. Given an R-linear operator F : A*^iOiM)) A*^iOiB)), we may 
extend F to an OiS/Gm)^°^ -linear operator on (0(B) ©(S/G^)^"') by the formula 

Fif)i-,s) :=Fifi-,s)), 
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/orse (5/G™)(C). 

Similarly, given an R-bilinear operator B : A'^{0(B)) (g) A'^{0(B)) — )■ R, we may 
extend B to an 0{S/Gm)^°^ -bilinear operator 

by the formula 

B{f,g){s) :=B{f{-,s),g{-,s)). 

Proof. Observe that the previous lemmas imply that F{f) G A'^{0{M)) and B{f,g) G 
0{S)^°\ as required. □ 

Definition 3.12. Let 

and let 

^^(0(B;,)) := keriAte : AS:(0(B^)) ^ ^^(0(B^))). 
Proposition 3.13. There is a direct sum decomposition 

A^(0(B) ^ 0(5/G^)'^°^) = ?^^(0(B) ^ 0(5/G^)^°') e AeA^(0(B) ® 0(5/G„)^°i). 

Proo/. We extend the standard inner product on A3^(0(B)) to A^(0(B) 0O(S'/Gm)''°') 
by Proposition 3.11, noting that Aq is self-adjoint with respect to this product. Thus, 
if (Ae)V = then 

(A,/,A,/) = K(A,)V) = 0, 

so Aof{—,s) = for all s, hence A^f = 0, which shows that the two summands 
have zero intersection. The Green's operator G also extends by Proposition 3.11, and 
/ — AffGf is harmonic, as required. □ 



Definition 3.14. Define A, A G 0{S) ® C by a + ib, a — ib respectively, in the notation 
of §2. Note that t = ^. 

Definition 3.15. Define an 0{S/Gm)^°^ '^0{S/Gm) 0('S')-linear automorphism 

Ao : ^3,(0(B)^0(5/G„)^°i)®o(S/G^)0(5) ^ A3,(0(B)®0(5/G^)^°i)®o(s/G^)0(5) 
by the formula of Definition 2.2. 

Corollary 3.16. There is a direct sum decomposition 

®o{s/G,^)OiS) — 'HxiO{Mh))<^o(s/G,^)OiS)®AteAxiO{Mh))^o{s/G,y^)OiS). 

Proof. The key observation is that A o Agf = Aje(A o /), with the same calculation as 
in Lemma 3.2, so conjugating by Ao sends the decomposition of Proposition 3.13 to this 
decomposition. □ 

Proposition 3.17. The cosimplicial R-representation C'{X,0{Mh) '^o{S/Gm) ^i'^)) 
algebras is formal. 
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Proof. As J^^{0{Mh) ^o{s/Gm) 0(3) is a flabby resolution of 0(B;,) ®o(5/G^) 

the argument of Proposition 1.46 shows that C*(X, 0(B/j) (8)o(5/G„,) 0{S)) is weakly 

equivalent to DA'x{0{Mh)) 0o(S/G^) 

Corollary 3.16 then implies that the DD"^ lemma holds for this complex, giving 
quasi-isomorphisms 

(H* (^3,(O(B,))®o(5/G„)O(5)),0)^ 

-4„0(..)) .o,./c„, O,., — ^"^<-^^'»'»'» — > 
where Z)^ is the conjugate of under the action of io, and Z/jc := ker(D^). □ 
Corollary 3.18. The fibre of 

C>Hom(X, WG{X)''^^){S) Hom(X, WR){S) 
over co^i^'^ is isomorphic to 

7r(H*(X,0(B,)) 0o(5/G,„)hoi 0(5)^°\iVt/). 
Definition 3.19. Using the canonical isomorphisms 

H*(X,0(B)) - n*x{0{M)), H*(X,0(B)fe)®o(5/G^)0(5) - ^i(0(B;,))®o(5/G^)0(S), 
define 

Ao : H*(X,0(B)) ^ R*{X,0{^)h) ®0(5/G^) OC-?), 
noting that the argument of Proposition 3.3 shows that this preserves cup products. 

Definition 3.20. Recall that co G MC{X,R K U) corresponds to the canonical map 
X WG{X)^^^. By §3.1, this gives 

Lj e 7r(H*(X,0(B)),iVC7), 



over u^^'^. 



Now define 



LOfi := Xouj 



in 



7r(H*(X,0(B^)) ^o(S/G^)ho. 0{Sy^-\NU) - ORom{X,WG{Xf^){S^oi)^..,. 
Thus we have proved: 

Theorem 3.21. There is a natural real Hodge structure on any compact Kdhler mani- 
fold X. 

Proof. Definition 3.20 provides the Hodge structure 

h e ORom{X, WG{X)^^^){Sho\), 

such that 'ajf{Xy'^'^ is pure of weight zero. By §3.2, this gives a group homomorphism 
S{R) Out(G(X)^'g), and by §3.1, Grn < S gives a weight decomposition. □ 
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Corollary 3.22. // a compact Kdhler manifold X satisfies the conditions of Theorem 
1.18 for R = {TTfXy'^'^ (or any quotient to which the U{l)-action descends), then the 
homotopy groups 7r„(X, .x) for n >2 carry natural real Hodge structures in the sense of 
[Dell], i.e. algebraic C* -actions on the real vector spaces 

TTn{X, x) (8)z M. 

Proof. Apply Proposition 2.19. □ 



4 Proper complex varieties 

In this section, we will show how the techniques of cohomological descent allow us to 
extend real Hodge structures to all proper complex varieties. By [SD] Remark 4.1.10, 
the method of [Gro] §9 shows that a surjective proper morphism of topological spaces 
is universally of effective cohomological descent. 

Lemma 4.1. If f : X Y is a map of compactly generated Hausdorff topological 

spaces inducing an equivalence on fundamental groupoids, such that R*/*V = for all 
local systems Y on X and all i > 0, then f is a weak equivalence. 

Proof. Without loss of generality, we may assume that X and Y are path-connected. If 

X ^ X,Y ^Y are the universal covering spaces of X,Y, then it will suffice to show 
that / : X — 7- y is a weak equivalence, since the fundamental groups are isomorphic. 

As X,Y are simply connected, it suffices to show that R*/*^ = for alH > 0. By 
the Leray-Serre spectral sequence, R*7r*Z = for all i > 0, and similarly for Y. The 
result now follows from the observation that 7r*Z is a local system on X. □ 

Proposition 4.2. If a : X, S is a morphism (of simplicial topological spaces) of 
effective cohomological descent, then \a\ : \X,\ —^Sisa weak equivalence, where \X»\ is 
the geometric realisation of X,. 

Proof. We begin by showing that the fundamental groupoids are equivalent. Since 
H°(|X,|,Z) = H°(S', Z), we know that 7ro|X,| = tto-S, so we may assume that \X,\ and 

5 are both connected. 

Now the fundamental group of \X,\ is isomorphic to the fundamental group of the 
simplicial set dS'mg{X,) (the diagonal of the bisimplicial complex given by the singular 
sets of the Xn). For any group G, the groupoid of G-torsors on \X,\ is thus equivalent 
to the groupoid of pairs (T.uj), where T is a G-torsor on Xq, and the descent datum 
CO : Bq^T — > d^^T is a morphism of G-torsors satisfying 

d2^oj o dQ^LO = di^uj, ctq^uj = 1. 

Since a is effective, this groupoid is equivalent to the groupoid of G-torsors on S, so the 
fundamental groups are isomorphic. 

Given a local system Y on 1^,1, there is a corresponding GL(y)-torsor T, which 
therefore descends to S. Since Y = T x*^^(^) V and T = a~^a*T, we can deduce that 
V = a~^a*V, so R'a*V = for all z > 0, as required. □ 
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Corollary 4.3. Given a proper complex variety X, there exists a smooth proper sim- 
plicial variety X,, unique up to homotopy, and a map a : X, ^ X , such that \X,\ X 
is a weak equivalence. 

If Y is any complex variety, there exists a smooth proper simplicial variety X,, a 
simplicial divisor D, C X, with normal crossings, and a map (X, — D,) —^Y such that 
\X, — D,\ Y is a weak equivalence. 

In fact, we may take each X^ to he projective, and these resolutions are unique up 
to homotopy. 

Proof Apply [Del2] 6.2.8, 6.4.4 and §8.2. □ 
4.1 Semisimple local systems 

In this section, we will define the real holomorphic ?7(l)-action on a suitable quotient of 
the real reductive pro-algebraic fundamental groupoid Wf{Xy^ of any proper complex 
variety (or, indeed, of any simplicial proper complex variety). 

Recall that a local system on a simplicial complex X, of topological spaces is 
equivalent to the category of pairs (V, a), where V is a local system on Xq, and 
a : Bq^N — > 9f is an isomorphism of local systems satisfying 

d2^ao d^^a = d^^a, cr^^a = 1. 

Definition 4.4. Given a simplicial complex X, of smooth proper varieties, define 
ti7/(X,)'^''<i'°°™ to be the quotient of Wf{X,y'''^ by the image of Ru(vr/(Xo)). Its rep- 
resentations consist of normally semisimple local systems on X,, i.e. semisimple local 
systems W for which a^^W is also semisimple, for : Xq ~^ X,. 

Lemma 4.5. If f : X, ^ Y, is a homotopy equivalence of simplicial smooth proper 
varieties, then Wf{\X,\y'"^'''°'"' ^ vuf{\Y,\y'"^'''°'"'. 

Proof. Without loss of generality, we may assume that the matching maps of / are 
faithfully fiat and proper. Topological and algebraic effective descent then imply that 
f~^ induces an equivalence on the categories of local systems, and that /* induces an 
equivalence on the categories of quasi-coherent sheaves, and hence on the categories 
of Higgs bundles. Since representations of cc7/(|X,|)''*''^'°°''™ correspond to semisimple 
objects in the category of Higgs bundles on X,, this completes the proof. □ 

Definition 4.6. If X, — ^ X is a resolution as in Corollary 4.3, we therefore denote the 
corresponding reductive algebraic groupoid by 'cuf{Xy^'^'^°'^'^ := lujdX, 1)''^'^'°°™. 

Proposition 4.7. If X is a proper complex variety with a smooth proper resolution 
a : X, -> X, then normally semisimple local systems on X, correspond to semisimple 
local systems on X which remain semisimple on pulling back to the normalisation tt : 
X°°™ ^X ofX. 

Proof First observe that OT/(|X,|)'^^d,norm ^ zuf{Xy^'^/{aoRu{wf{Xo))). Lemma 4.5 
ensures that mf{X,y^'^''^°^'^ is independent of the choice of resolution X, of X, so can 
be defined as w f {Xy^'^ / {fKu{w f {Y))) for any smooth projective variety Y and proper 
faithfully flat /. 
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Now, since X^°^™ is normal, we may make use of an observation on [ABC"*"] pp.9- 
10 (due to M. Ramachandran) . X'^°''™ has a proper faithfully flat morphism g from a 
smooth variety Y with connected fibres over X'^"™, so the map T^/g- T^fY — t- 7rjX°°''™ 
is full (from the long exact sequence of homotopy). Thus TTfg is surjective, so 
g{R^{wf{Y)) = Rutx7/(X— ). 

Taking / : F X to be the composition Y 4 X"""^™ ^ X, we see that 
/Ru(7r/(y)) = 7rRu(7r/(X-°'--)), so ti7^(X)'^-d,norm ^ ^^(x)'^-d/(7rRu(7r/(X-°'--))), as 
required. □ 

Proposition 4.8. If X is a proper complex variety, then there is an action of the circle 
group Uil) on w j {Xy'^''"'''^ , such that the composition U{1) x tt/X tu/(X)''«'^'"°'^'" 
is real holomorphic. 

Proof. The key observation is that the C/(l)-action defined in [Siml] is functorial in 
X, and that semisimplicity is preserved by pullbacks between smooth proper varieties 
(since Higgs bundles pull back to Higgs bundles), so there is a canonical isomorphism 
t{dr^Y) ^ dr^itY); thus it makes sense for us to define 

t{Y,a) := {tY,t{a)). 

By Tannakian duality, this defines a C/(l)-action on Wf{Xy'^'^'^°^^. 

Since Xq, Xi are smooth and proper, the actions of S/Gm — U (1) on their reductive 
pro-algebraic fundamental groupoids are real holomorphic, corresponding to maps 

TTfiXi) ^ WfiXiY'^iOiS/Gmn. 

The morphisms Wf{Xi) —^■njf{X) then give us maps 

7Tf{Xi) ^ tu/(X)-<i'°°™(0(5/G^)^°i), 
compatible with 7Tf{dj),7Tf{aj). Since 

do 

7r/(Xi)=3:7r/(Xo) ^ nfX 
di 

is a coequaliser diagram in the category of groupoids, this gives us a map 

TTfiX) ^ n7/(X)-'i"(0(5/G^)'-'), 
as required. □ 



Remark 4.9. Note that this holds for any space X which can be resolved by a simplicial 
smooth proper variety, so that we may take X to be the realisation of any simplicial 
proper variety, as in [Del2]. 
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4.2 The S'-action 

Fix X as in Remark 4.9 We have now defined the S/G^ = ?7(l)-action on 

and we must now extend it to the whole of G{XY°''^ := G{X)P''^^^, for p : 7r/(X) ^ 

^^(^)red,norm_ 

Definition 4.10. Write = R\kU, with R reductive and U unipotent. The 

representation 

TT/X ^ R{0{S/Gmt^') 

from Corollary 4.8 corresponds to a R{0{S/'G!m)^°^)-^orsoT B/j on X 

Similarly, write B for the -R(]R)-torsor on X corresponding to the canonical map 

As in §3.3.2, we now need to define an element of 

7r(C'(X,0(B^)) ®o(5/G^)^oi 0(5)^°\C/), 
Since X, A X is a cohomological descent morphism, the map 

C'(X,0(B,,)) ^ diagC'(X.,a-^0(B,,)) 

is a quasi-isomorphism in cA\g{R). 

Now, a^^V is semisimple on X„ for any normally semisimple local system V on X 
(being a pullback of a^^N). This means that the quasi-isomorphisms of Proposition 
3.17 apply to give quasi-isomorphisms 

C'{Xn,a-^0{Mh)) ~ DH*(X„,a-iO(B0) 

for all ra, functorial in di,ai. These therefore combine to give a quasi-isomorphism 

diagC'(X„a-^0(B^)) ~ diagDH*(X„a-^0(B^)). 

Similarly, there are quasi-isomorphisms 

C*(X,0(B)) ^ diagC'(X.,a-^0(B)) ~ diagL>H*(X„ a-^O(B)). 

Theorem 4.11. If X is a proper complex variety, or the realisation of a simpli- 
cial proper complex variety, then X admits a canonical real Hodge structure over 

^^(j^)red,norm_ 

Proof. For the weight decomposition, we just use the quasi-isomorphism 

C'(X,0(B)) - diagDH*(X.,a-^0(B)), 

defining H"(X^) to be of weight n. 

The adjunction map G{X) — )■ G(X)^s(M) gives rise to an element 

w G 7r(C*(X,0(B)),;7). 
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This is equivalent to giving an element of 

7r(diagDH*(X.,a-^0(B)),?7), 

and we use the o-action of §3.3.2 to set 

uJh:=Xooo € 7r{dia.gDR*{X.,a-M^h))^o(s/G^)^o,0{S)''"\U) 
- 7r(C'(X, 0(B;,)) ®o(5/G^)'>°i U). 

All of the necessary properties now follow from the corresponding results in §3. □ 

Corollary 4.12. // a proper complex variety X satisfies the conditions of Theorem 1.18 
for R = (^Trj:Xy^'^'^°'^"^ (or any quotient to which the U{l)-action descends), then the 
homotopy groups 7r„(X, a;) for n>2 carry natural real Hodge structures in the sense of 
[Dell], i.e. algebraic C* -actions on the real vector spaces 

■Kn{X,x) OzM, 

unique up to automorphism by Ru^i {X, x) . 

Proof. Apply Proposition 2.19. □ 
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